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Abstrat
The minimum entropy output is omputed for rotationally invariant quantum hannels ating on spin-1/2
and spin-1 systems. For the ase of two parallel suh hannels and initial entangled (singlet) state the entropy of
the output is higher then the doubled minimal entropy output of the single hannel. This gives a ertain moral
support to the additivity hypothesis. Another related simple funtion of the hannel (minimum entropy gain) is
shown to be additive in general.
1 Introdution
For a ompletely positive map Λ ating on density matries ρ of a ertain quantum system (quantum hannel) we
may dene the number (minimal entropy output)
S[Λ] = inf
ρ
S(Λ(ρ)) = inf
|φ>
S(Λ(|φ >< φ|)) (1)
where S(ρ) = −tr(ρ log ρ) is the von Neumann entropy of the density matrix ρ and the equality of inma in (1)
follows from its onavity .
For a xed Λ we an dene the following funtion of density matries whih an be alled entropy gain
FΛ(ρ) = S(Λ(ρ))− S(ρ) . (2)
Computing its inmum over either pure or general mixed states we obtain two funtions of the ompletely positive
maps, minimal entropy output and minimal entropy gain respetively
S[Λ] = inf
|φ>
FΛ(|φ >< φ|) (3)
G[Λ] = inf
ρ
FΛ(ρ) . (4)
The funtion S[Λ] plays an important role in the quantum information theory and partiularly its additivity would
be relevant for the problems of entanglement haraterization and hannel apaities [1℄. Obviously subadditivity
S[Λ⊗ Λ′] ≤ S[Λ] + S[Λ′] (5)
holds and the additivity is reahed on produt states. Therefore, to prove additivity one should show that taking
entangled states φAA′ is not the optimal strategy to minimize S(Λ ⊗ Λ′(|φAA′ >< φAA′ |)). To illustate this issue
we shall onsider the following bistohasti ompletely positive maps ating on the spin-s systems
Λs(ρ) =
1
s(s+ 1)
3∑
k=1
SkρSk (6)
where S = (S1, S2, S3) are spin operators satisfying appropriate ommutation relations and providing an irreduible
representation {Us(n);n ∈ R3, |n| ≤ 1} of the O(3) (in fat SU(2)) group on the Hilbert spae of the dimension
2s+ 1. The map (6) satises rotational invariane relation
Λs
(
Us(n)ρU
†
s (n)) = Us(n)Λs(ρ)U
†
s (n) (7)
and has been used in the ontext of quantum haos [2℄[3℄ .
On the other hand we shall prove that the funtion G[Λ] is always additive
G[Λ ⊗ Λ′] = G[Λ] +G[Λ′] . (8)
1
2 Minimum entropy output
We ompute the minimal entropy output for the isotropi hannels (6) in the ase of s = 1/2, 1. The results are
summarized in the following theorem.
Theorem 1 With the notation of above
S[Λ1/2] = log 3−
2
3
log 2 (9)
S[Λ1] = log 2 . (10)
Proof
Case s = 1/2
Spin operators are given in terms of Pauli matries , Sk =
1
2
σk. The diret omputation provides the following
useful form of the map Λ1/2
Λ1/2(ρ) = (trρ)
1
3
1+
1
3
TρT † (11)
where T is a time-reversal antiunitary map dened by [4℄
T |+ 1/2 >= | − 1/2 > , T | − 1/2 >= −|+ 1/2 > . (12)
Therefore, all density matries Λ1/2(|φ >< φ|) possess the same spetrum (13 , 23 ) what implies the formula (9). The
same onlusion follows diretly from the invariane (7) whih in the ase s = 1/2 means the invariane with respet
to all unitary transformation and from the diret omputation of Λ1/2(|+ 1/2 >< +1/2|).
Case s = 1
The spin operators are given expliitly by the matries
S1 =
1√
2


0 1 0
1 0 1
0 1 0

 , S2 = 1√
2


0 −i 0
i 0 −i
0 i 0

 , S3 =


1 0 0
0 0 0
0 0 −1

 . (13)
In the rst step of the proof we show that
S[Λ1] ≥ log 2 . (14)
We use the equality [2℄
S(Λ(|φ >< φ|) = S(Ω) , where Ωkl =< φ,XlXkφ > . (15)
The matrix Ω is a 3×3 positively dened matrix with trae one. To prove (14) it is enough to show that its operator
norm satises inequality
‖Ω‖ ≤ 1
2
. (16)
We prove (16) by taking an arbitrary normalized vetor ξ from C3 and estimating the matrix element
< ξ,Ωξ >≤ 1
2
‖Y †Y ‖ (17)
where
Y =
3∑
k=1
ξkSk = (cosα)(n · S) + i(sinα)(m · S). (18)
with two normalized vetors n,m ∈ R3 and a ertain α ∈ [0, pi]. Rotating Y by a natural unitary representation of
O(3) we an replae Y in (17) by the matrix Z of the form
Z = (cosα)S3 + i(sinα)
(
(cosβ)S3 + (sinβ)S1
)
. (19)
Introduing a new parametrization
a = cosα , b = sinα cosβ , c =
1√
2
sinα sinβ , a2 + b2 + 2c2 = 1 (20)
2
and using (13) we obtain the harateristi polynomial of the matrix ZZ†
W (λ) = det


a2 + b2 + c2 − λ −ic(a+ ib) c2
ic(a− ib) 2c2 − λ −ic(a− ib)
c2 ic(a+ ib) a2 + b2 + c2 − λ

 = det


1− λ 0 1− λ
... ... ...
... ... ...

 . (21)
The seond determinant in (21) was obtained by adding the lowest row to the others and from its struture it
follows that λ = 1 is an eigenvalue of ZZ†. Beause ZZ† is a positive matrix with trae equal 2 than it follows that
its norm ‖ZZ†‖ = ‖Y Y †‖ = 1. Hene we have proven the inequalities (16) and (14).
In the last step one an ompute expliitly the matrix Λ1(|1 >< 1|) what gives S(Λ1(|1 >< 1|) = log 2. Again
from the invariane (7) it follows that the minimal entropy log 2 is reahed for all SU(2)- oherent states .
3 Deoherene of entangled states
To gain some intuition about the behaviour of S[Λ ⊗ Λ′] we an ompute the entropy S(Λs ⊗ Λs(|0; 0 >< 0; 0|))
with a singlet state |0; 0 >. Due to (7) and the invariane of a singlet state with respet to rotations we know that
ρ0s = Λs ⊗ Λs(|0; 0 >< 0; 0|) is also invariant with respet to O(3) and therefore has the following struture
ρ01/2 =
2s∑
j=0
pj
1
2j + 1
I2j+1 (22)
where I2j+1 are projetors on the arriers of irreduible representations in the deomposition od the produt
(2s+ 1)⊗ (2s+ 1) O(3) representations [4℄. The probabilities pj an be omputed from the formula
< j; 0|ρ01/2|j; 0 >= pj
1
2j + 1
, hence pj = (2j + 1) < j; 0|ρ01/2|j; 0 > (23)
whih leads to the following expression
pj =
2j + 1
[s(s+ 1)]2
3∑
k,l=1
| < j; 0|Sk ⊗ Sl|0; 0 > |2 . (24)
Having the values of pj we an ompute using (22)
S(Λs ⊗ Λs(|0; 0 >< 0; 0|)) =
2s∑
j=0
(
pj log(2j + 1)− pj log pj
)
. (25)
The results of omputations in the ases s = 1/2, 1 are given below.
Theorem 2
With the notation of above
S(Λ1/2 ⊗ Λ1/2(|0; 0 >< 0; 0|)) =
5
3
log 3− 2
3
log 2 > 2S[Λ1/2] . (26)
S(Λ1 ⊗ Λ1(|0; 0 >< 0; 0|)) = log 3 + 4
3
log 2 > 2S[Λ1] . (27)
Proof
Case s = 1/2
It is enough to nd p0 by diret omputation using (24) with the form of the singlet [4℄
|0; 0 >= 1√
2
(|+ 1/2 > | − 1/2 > −| − 1/2 > |+ 1/2 >) . (28)
One obtains p0 =
1
3
, p1 =
2
3
.
Case s = 1
One has to ompute p0 and p1 using again (23) with the relevant states [4℄
|0; 0 >= 1√
3
(|+ 1 > | − 1 > −|0 > |0 > +| − 1/2 > |+ 1/2 >) . (29)
|1; 0 >= 1√
2
(|+ 1 > | − 1 > −| − 1 > |+ 1 >) . (30)
The result is p0 =
1
3
, p1 =
1
4
, p2 =
5
12
.
3
4 Minimal entropy gain
The properties of the funtion G[Λ] dened by (4) are summarized in the following theorem.
Theorem 3
1) For a system with d-dimensional Hilbert spae
− log d ≤ G[Λ] ≤ 0 , (31)
and equal to zero for bistohasti Λ.
2) G[Λ] is additive
G[Λ ⊗ Λ′] = G[Λ] +G[Λ′] . (32)
Proof
The statement 1) follows diretly from the denition (4) taking into aount that for a nite dimension there
exists always an invariant state ρ¯ = Λ(ρ¯) and the fat that for a bistohasti map S(Λ(ρ)) ≥ S(ρ).
To prove the statement 2) one an notie that FΛ(ρ) is additive for produt states and hene
G[Λ ⊗ Λ′] ≤ G[Λ] +G[Λ′] . (33)
Applying monotoniity of the relative entropy S(ρ|σ) = tr(ρ log ρ−ρ logσ) with respet to ompletely positive maps
[5℄ to the state ρAA′ of the omposed system with marginal states ρA and ρA′
S
(
Λ⊗ Λ′(ρAA′)|Λ(ρA)⊗ Λ′(ρA′)
) ≤ S(ρAA′ |ρA ⊗ ρA′
)
(34)
one obtains
FΛ⊗Λ′ (ρAA′) ≥ FΛ(ρA) + FΛ′(ρA′) . (35)
This implies G[Λ⊗ Λ′] ≥ G[Λ] +G[Λ′] and ompletes the proof.
5 Conluding remarks
We have analized the lass of quantum hannels orresponding to the isotropi environment ating on the spin
system. Minimal entropy output has been omputed for the ases of spin-1/2 and spin-1. For the doubled hannels
it is shown that the initial entanglement of the singlet state inreases deoherene and leads to a higher entropy
output than for the optimal produt states. These results provide a ertain support for the additivity hypothesis.
In addition a new additive funtion of the hannel - minimal entropy gain - is dened and disussed.
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